An analysis is presented oI the effect of weak damping onthe natural frequencies of linear dynamic systems. It is shown that the highest natural frequency is always decreased by damping, but the lower natural frequencies may either increase or decrease, depending on the form of the damping matrix.
INTRODUCTION
N his doctoral thesis, Berg • considered the vibration of a dynamic system with generalized linear damping, and showed numerically that the damped natural [requency of the lowest mode was larger than the corresponding frequency of the undamped system. This phenomenon is probably well known to workers in vibration and circnit analysis; however, the authors have been unable to find any systematic treatment of this problem in the literature.
It is well known that in a single-degree-of-freedom system, the damped natural frequency is always less than the undamped natural frequency. In the case of multi-degree-of-freedom systems with classical normal modes? it may be shown that the damped natural frequencies are always less than, or equal to, the corresponding undamped frequencies.
The purpose of this paper is to study the effects of weak damping on the natural frequencies of linear dynamic systems and to show under what conditions the natural frequencies may be increased by damping. In the analysis which follows, it will be assumed for simplicity that the X,,'s are distinct.
FIRST-ORDER PERTURBATIONS
The first-order perturbations are obtained from 
Thus, the eigenvectors are, in general, complex.
EIGE•ALUES IN DAMPED SYSTEM
The eigenvalues for the damped system are to terms 
Equation ( • It is of interest to note that the correction in frequency is second order in •, as first •inted out by Rayleigh.
• Comparison of (S7) and (58) shows excellent numerical agreement. It should be noted that the damped natural frequency of the first mode is higher than that for the undamped system, while the damped frequencies for
